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Abstract
The dark energy formula derived by Gurzadyan and Xue which leads to a value
fitting the SN data, provides a scaling relation between physical constants and cos-
mological parameters and defines a set of cosmological models. In previous works
we considered several of those models and derived cosmological equations for each
of them. In this letter we present the phase portrait analysis of those models. Sur-
prisingly, we found that the separatrix in the phase space which determines the
character of solutions depends solely on the value of the current matter density,
namely: at Ωm > 2/3 the equations describe Friedmannian Universe with the clas-
sical singularity at the beginning, while at Ωm < 2/3 all solutions for the considered
models start with zero density and non-vanishing scale factor. Even more remark-
able, the value Ωsep = 2/3, which defines the separatrix, is the same for all models.
The latter reveales an underlying invariance hidden in the models, possibly, due to
the basic nature of the GX-scaling.
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Among the variety of models for dark energy proposed in the literature a
remarkable fit to the SN data is given by the Gurzadyan-Xue formula [1] for
the vacuum fluctuations energy density. It is shown that, if one takes into
account not all but only relevant modes for vacuum fluctuations, then one
arrives to
ρGX =
pi
8
c4
G
1
a2
, (1)
Email addresses: veresh@icra.it, gegham@icra.it (G.V. Vereshchagin and G.
Yegorian).
Preprint submitted to Elsevier Science 4th September 2018
where c is the speed of light, G is the gravitational constant and a is the
scale factor of the Universe. This formula is derived when only l = 0 modes of
vacuum fluctuations are taken into account. In [1] the authors state that this
can be a representation of the homogeneity and isotropy of the Universe, i.e.
of the FRLW metric.
Taking the Hubble length for the value of the scale factor today, we find the
following value of the density parameter for dark energy 1
ΩΛ ≃ 3.29. (2)
Formula (1) opens interesting possibilities related to the scaling between phys-
ical constants and the scale of the Universe leading to the idea of the world
constants variation, actively discussed in the recent literature (see e.g. [2]). In
previous papers [3,4] we derived cosmological equations assuming variation of
the physical constants such as the speed of light and the gravitational con-
stant. Certain observational aspects of the GX-formula (1) are discussed in
[6]. 2
In this Letter we present phase portrait analysis (cf. [5]) of these cosmological
equations. Surprisingly, we find that, although equations look very differently,
the character of solutions for the two pairs of models is similar. At the same
time, even more striking feature of the models came out: the position of sep-
aratrix in the phase space of dynamical variables is determined by a single
quantity, the matter density parameter Ωm, moreover, its value is the same
for all models! This invariance should be connected to the scaling (1) between
world constants and the scale factor of the Universe.
Following [4], we consider 4 models and present equations for them:
Model I. If neither the speed of light nor the gravitational constant vary with
time, then the cosmological constant scales like Λ ∝ a−2, as can be seen from
(1). The cosmological equations for this model are the following
(
da
adt
)2
+
c2
a2
(
k −
2pi2
3
)
=
8piG
3
µ,
µ˙+ 3
(
da
adt
)
µ =
pi
2G
(
c
a
)2 ( da
adt
)
,
(3)
1 A factor 1/2 was missing in our previous papers. The value of ΩΛ obtained here
is even closer to the observational one.
2 Recently a similar scaling is given in [7], based on dimensionality considerations
(i.e. with an accuracy of an unknown numerical factor), as a geometric mean of
infrared and ultraviolet scales. However, it is not clear how such geometric mean
can be self-consistently derived via conventional field theory methods.
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where µ is the matter density, k is the spatial curvature.
Model II. To keep interpretation of Λ = 8piG
c2
ρGX as a cosmological constant,
we require the varying speed of light, c =
(
Λ
2pi2
)1/2
a, but G=const. Then the
cosmological equations are reduced to the following system
(
da
adt
)2
−
Λ
3
(
1−
3k
2pi2
)
=
8piG
3
µ,
µ˙+ 3
(
da
adt
)
µ =
3
4piG
(
da
adt
)

(
da
adt
)2
+
kΛ
2pi2

.
(4)
Model III. In the presence of the fundamental constant µGX ≡
Λ
8piG
, with the
variation of the gravitational constant G = pi
4µGX
(
c
a
)2
and c =const, cosmo-
logical equations appear as
(
da
adt
)2
+
kc2
a2
=
2pi2
3
(
c
a
)2 (
1 +
µ
µGX
)
,
µ˙+ 3
(
da
adt
)
µ = 2
(
da
adt
)
µ
(
1 +
µGX
µ
)
.
(5)
Model IV. Finally, with constant vacuum energy density ρGX ≡
Λc2
8piG
, varying
speed of light c =
(
4GρGX
pi
)1/4
a1/2 and G=const we have
(
da
adt
)2
=
8piG
3
µ+
β
a
,
µ˙+ 3
(
da
adt
)
µ =
3
8piG
(
da
adt
)

(
da
adt
)2
+
β
a
2pi2 + 3k
2pi2 − 3k

,
(6)
where β = 4pi
2
3
(GρGX)
1/2
(
1− 3k
2pi2
)
.
In order to analyze the corresponding dynamical systems at infinity we perform
the following transformations
α =
2
pi
arctg(a), m =
2
pi
arctg(µ), (7)
so that the limits a→∞ and µ→∞ correspond to α→ 1 and m→ 1.
The phase portraits for models I-IV are shown in fig.1 in variables {m,α} for
the case k = 0 at the expansion phase (da/dt > 0). The upper left corner
in each diagram corresponds to the Friedmann cosmological singularity with
3
Figure 1. Phase portraits for models I-IV. Directions of phase trajectories are shown
by arrows. See detailed explanations in the text.
µ = ∞ and a = 0. In the lower right corner µ → 0 and a → ∞. For model
I we also present Friedmannian usual solutions µ ∝ a−3, which are shown by
dashed curves in fig.1.
Two characteristic curves can be found for models I and IV: the separatrix,
shown by thick dotted curve, and the thick curve (given by equality dm/dα =
0) corresponding to maximum density for each solution below the separatrix.
Above the separatrix, the solutions are similar to the usual Friedmannian ones,
namely, they start with a classical singularity and end up with infinite scale
factor and zero density. In contrast, solutions below the separatrix start at a
positive scale factor and zero density and tend to the same limit as above,
so that each of them passes through maximum density, indicated by a thick
curve.
For models II and III the separatrix is the horizontal line, shown by the thick
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curve. It also separates two regions in the phase portraits: above the separatrix
the solutions start at the Friedmannian singularity, but end up in the de-Sitter
phase with µ →const and a → ∞; below the separatrix the solutions start,
similarly to models I and IV, with zero density and positive scale factor, ending
in the same de-Sitter limit.
We observe similarity of phase portraits corresponding to the pairs of models
(I,IV) and (II,III), which is not evident from the cosmological equations. In
fact, model II possesses analytical solution. The Hubble parameter da/(adt)
can be expressed from the first equation and substituted into the continuity
equation, leading to the following solution
µ(t) =
Λ
4piG

1−
3
2
(
1− k
2pi2
)
cosh2
{
1
2
[
Λ
(
1− k
2pi2
)] 1
2 t+ arcsech
(
2
3
1−4piGµ0Λ−1
1−
k
2pi2
) 1
2
}

 , (8)
where µ0 is the value of the matter density at t = 0. In contrast, there is no
analytical solution for model III.
Obviously, the precise position of each separatrix is determined by values of
the corresponding parameters, such as c, G, µGX and β which are set to unity
everywhere, except for model II, where we took Λ = 5 to shift the separatrix
away from the lower border.
In principle, given the solution with actual values of parameters, we have to
find the location of the separatrix in the phase diagram. Each solution can
be parametrized by only one quantity Ωm ≡
8piG
3H2
0
µ0, the present dimensionless
matter density, and the fraction left for curvature (model I) and dark energy
(models II-IV). The separatrix is given by the following condition 3
1− 4piGµ0Λ
−1 = 0, (9)
which leads to equation
1−
Ωm
2(1− Ωm)
= 0, (10)
having as a solution Ωsep = 2/3. Surprisingly enough, we find that the value
of this crucial parameter, which defines the position of the separatrix, is the
same for all four models, even though they are given by quite different set of
equations! In addition, this equation is valid for any spatial curvature.
3 For models II and III this condition follows from dm/dα = 0.
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This fact points out a remarkable underlying invariance possessed by the GX-
models as a result of the scaling (1).
We are thankful to the referee for a number of helpful comments.
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